WA47. Letx,y,z > 0 such that (x+y+z)<% 4

Compute L(x3 +y3 +z3)(i3 + % + %)J
X y z

where | - | represent the integer part.
Marian Cucoanes and Marius Dragan.
Solution by Arkady Alt , San Jose ,California, USA.
Leta = %-f-%,b =Z4+L =%+ l .Then a,b,c > 2 and
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Consider now the following problem:
For any real k > 6 find max{a* +b*+¢* | a,b,c >2anda+b+c = k).

a+b+c3

(inour case k = %). Due to symmetry we may assume thata < b < c.
%Scik—4
+b+c=k
Since 4 ¢ = 1<g< k=c and &*+b3+c* =
a,b,c >?2 -T2
b=k-c-a

@A+ (k—c—a)’+c =3(k—-c)a? - (k—c)a) + k(k* = 3ck + 3c?),
where quadratic function a? — (k — c¢)a decrease in [2, kg ¢ } then
3(k-c)(a? - (k—c)a) + k(k* = 3ck +3c?) <
3(k—c)22 = (k—c) «2) + k(k* = 3ck + 3c?) =
3(k—2)(c? - (k—2)c) + k(k* — 6k + 12).

since £52 ¢ [’ka 4}thenmax{c —(k-2)c | %5c§k—4} -

max{(%) —(k—2)-%,(k—4)2—(k—2)(k—4)} -

max{%k— %k2,8 - 2k} = 8 — 2k and, therefore,

30k—2)(c® — (k- 2)¢) + k(K2 — 6k + 12) < 3(k - 2)(8 — 2k) + k(K2 — 6k + 12) =
K — 12k + 48k — 48,

Thus, a® + b3+ < k* - 12k* + 48k — 48 and in particular for k = ?(1) we obtain

B b+ < ( ) —12( ) +48( ) 48 = 2326L 55 261.

Coming back to orlglnal notatlons we get



@ +)° +z3)(L3 + 1 +%) <25.261 - 15.3 = 9. 961.
X y z

Since by Cauchy Inequality (x* +y? +z3)(% + % + %) >9
X z

) >
3..34.3 1 1 1 _
then | (x° +y° +2°)| =5 + —5 + = =9
X y z



